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ABSTRACT

This paper considers the denoising problem from the viewpoint of sparse atomic representation. A general
framework of time-frequency soft-thresholding is proposed which encompasses and connects well-known
shrinkage operators as special cases. In particular, the groundbreaking idea of exploiting signal sparsity in the
framework of redundant representations is extended to incorporate knowledge about structural properties
of the observed signals. Convergence of the corresponding algorithms is numerically evaluated and their
performance in denoising real-life audio signals is compared to the results of similar existing approaches.
The novel approach is competitive with respect to signal to noise ratio and improves the state of the art in
terms of perceptual criteria.

1. INTRODUCTION

Over the last two decades, sparsity in redundant dictio-
naries has become a forceful paradigm in signal process-
ing. Its basic idea is to represent a signal with as few
coefficients as possible using overcomplete sets of ex-
pansion functions which are ideally well adapted to the
signal class. In audio processing, different collections of
windowed Fourier or cosine bases have proven to serve
as well adapted dictionaries for most audio signals of rel-
evance for humans, in particular speech and music. Fur-
thermore, they are easy to interpret and reflect physical
reality by expanding a signal with respect to the dimen-
sions of time and frequency.

A central role in the modeling of sparsity with respect
to time-frequency coefficients plays the `1-norm, mea-
suring the weight of the (complex) moduli of the coeffi-
cients, and the corresponding soft-thresholding operator.
The `1-approach was introduced by Chen et al. in signal
processing [1] and Tibshirani in statistics [2]. Later, it
was shown that solutions of `1-regularized inverse prob-
lems are in many cases optimally sparse [3] and fast iter-
ative algorithms have been proposed [4, 5, 6], following
the initial theoretical work of Daubechies, Defrise and de
Mol [7].

Recently, a growing body of research has focussed on
extending the existing sparsity paradigms: the aim is to

better account for the structure of most signals, leading
to approaches of structured sparsity, see e.g. [8] and
references therein. In the audio-context, structure is of-
ten interpreted in the sense of temporal and spectral per-
sistence. In fact, a consequence of basic acoustic laws
concerning resonant systems and impact sounds is that
large classes of audio components are either sparse in
frequency and persistent in time or sparse in time and
persistent in frequency, cp. [9].

Aiming at a better mathematical model for these de-
pendencies, Kowalski and Torresani extended the `1-
approach to mixed norms and neighborhood-weighting
[10]. Solutions to mixed-norm regularized inverse
problems are then shown to be obtained by gen-
eralized classes of soft-thresholding operators [11].
This approach was revisited and refined in [12] and
demonstrated promising results for a variety of clas-
sical signal processing tasks as denoising, multi-layer-
decomposition and transient estimation.

From the denoising point of view the neighborhood
weighting could be considered as non-diagonal estima-
tion. The latter has lately proven to improve denoising
significantly [13]. Most importantly, these approaches
reduce musical noise, as the perceptually annoying iso-
lated noise-residuals are called, naturally arising in diag-
onal estimation.
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In this contribution, denoising is considered as a prob-
lem of structured sparse approximation. While utilizing
the same formal framework as in [12], this paper exclu-
sively considers the case of `1-regularization for which
an accelerated algorithm is presented and a variety of re-
fined thresholding operators are evaluated in depth. In
the first part of this paper, the framework of sparse expan-
sions using Gabor frames is developed while introducing
a generalized viewpoint on soft-thresholding. Secondly,
convergence of the algorithms is evaluated, as well as
the properties of the neighborhoood-persistent threshold-
ing operators. The proposed framework allows to adapt
the neighborhood-weighting according to global signal
properties. Using a variety of signals, the algorithms’
performance in denoising is compared to the state of the
art, both in terms of SNR as well as from a preliminary
perceptual point of view.

2. DENOISING BY TIME-FREQUENCY
THRESHOLDING

2.1. Signal Expansions using Gabor Frames

We wish to expand a signal s ∈ RL as a linear combina-
tion of time frequency atoms φk, j, i.e.

s(n) = ∑
k, j

ck, jφk, j(n)+ e(n), n = 1, . . . ,L.

The complex numbers ck, j are the expansion coefficients
and e is some residual or noise. In order to guarantee
perfect and stable reconstruction of a signal from its as-
sociated analysis coefficients ck, j = 〈s,φk, j〉, we always
assume that the dictionary Φ = (φk, j)k, j forms a frame,
see [14], therewith allowing for energy preserving ex-
pansion. We consider Gabor frames, which are used ex-
haustively in music processing, be it under a different
name: in their simplest instantiation they correspond to a
sampled sliding window or short-time Fourier transform.
Gabor frames are generated by time-frequency shifts of
a single window function, φk, j = Mb jTkaφ , where Tx and
Mω denote the time- and frequency-shift-operator, resp.,
defined by Txφ(n) = φ(n−x), Mω φ(n) = φ(n)e

2πinω
L , and

φ is a standard window function. a and b are the time-
and frequency sampling constants, and j = 0, . . . ,J −
1,k = 0, . . .K−1, with Ka = Jb = L.

We can even assume more, namely the tightness of the
frames in use, which means that, up to a constant we ob-
tain s = ∑k, j〈s,φk, j〉φk, j, i.e., synthesis is done with the
analysis window. Tight frames are easily calculated, see

e.g. [15]. Tight windows further simplify the interpreta-
tion of operations like thresholding in the time-frequency
domain, as they introduce a symmetric relation between
analysis and synthesis.

In the finite dimensional discrete case, one can think of
the atoms φk, j constituting the columns of a matrix Φ

which is of dimension L× p, with p = JK. As we are
especially interested in the redundant Gabor-frame case
L < p, the additional degrees of freedom are used to pro-
mote (structured) sparsity of the coefficients.

2.2. Denoising by Sparse Approximation
Our basic signal model assumes that the noisy observa-
tion y ∈ RL is of the form

y = Φc+ e.

Here, e is the noise term, Φ is a (tight) Gabor dictionary
and the coefficients c ∈ Cp are assumed to be sparsely
distributed. In this context, denoising the observation y
means to sparsely approximate the coefficients c. This
implies the recovery of Φc, the clean signal. This ap-
proach is formalized via the minimization problem

min
c∈CL

{
1
2
‖y−Φc‖2

2 +λ‖c‖1

}
(1)

which is the well-known `1 sparse minimization func-
tional. In statistics, this problem is called Lasso [2], in
signal processing basis pursuit denoising [1]. The con-
stant λ > 0 is the so-called Lagrange-multiplier. It ad-
justs the weight given to the `1 penalty term and hence
adjusts the sparsity level of the solution. The greater λ ,
the sparser the solution will be. Note that, depending on
the relation of the noise variance and λ , the solution of
(1) might not coincide with the true underlying sparse
representation. In practice, finding a good sparsity level
is consequently most crucial for obtaining satisfying re-
sults.

In case Φ is an orthonormal basis, the solution c? of (1)
is given by a simple soft-tresholding step of the analysis
coefficients (see e.g. [7]): c? = Sλ (Φ∗y) where Sλ (z) =
exp(iarg(z))(|z|−λ )+ and as usual, b+ := max(b,0). Φ∗

denotes the analysis operator, the adjoint of the synthesis
operator Φ, given by Φ∗s = (〈s,φk, j〉)k, j.

In the general case when Φ only forms a frame, it was
shown in [7] (and extended by other means in [16]) that
for arbitrary starting point c0 ∈ Cp, the iterated soft-
tresholding algorithm (ISTA) converges strongly to the
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solution c? of (1):

c? = lim
n→∞

Sλ

(
cn +Φ

∗(y−Φcn)
)

(2)

if only ‖Φ‖<
√

2.

The IST-algorithm converges very slowly, and in general
not even linearly.1 Hence, various methods of accelera-
tion have been proposed recently. It turns out that espe-
cially the Beck-Teboulle FISTA-algorithm [5] improves
convergence significantly, cp. [4]. Here, we give an
adaptation of the algorithm to our setting.

Algorithm 2.1 (FISTA). Set c0 = b1 = 0 and t1 = 1.

Do

cn = Sλ (bn +Φ∗(y−Φbn))

tn+1 = 1
2 (1+

√
1+4t2

n )

bn+1 = cn +
(

tn−1
tn+1

)
(cn− cn−1)

Until convergence.

While not significantly adding computational complex-
ity, FISTA accelerates the convergence of the objective
functional value quadratically [5], i.e.

1
2
‖y−Φcn‖2

2 +λ‖cn‖1 ∼ O(1/n2).

2.3. Generalized Soft-Thresholding
As the `1-norm acts independently on each coeffi-
cient, problem (1) does not take into account the inter-
dependencies of the time-frequency coefficients which
are inherent in most natural audio signals. It was shown
in [11] that the `1-penalty term can be replaced by a
mixed norm which acts independently on groups of co-
efficients and their members. The solution of the cor-
responding minimization functional is then obtained by
some kind of generalized soft-thresholding. Further-
more, overlapping neighborhood structures can be in-
troduced to exploit persistence properties of coefficients
[10].

However, for denoising of quasi-stationary noise, the
neighborhood operators derived from the `1-norm (the

1In the case of Gabor-frames e.g. generated by a compactly sup-
ported window function, it is easy to see, however, that the sequence
converges linearly which moreover guarantees uniqueness of the solu-
tion, see [17].

so called windowed group lasso) suffice. Thus, we have
constrained the formal elaborations to the `1-case in this
paper. For the more general setting encompassing mixed
norms, see [12].

Definition 2.2. Let ξ = ξλ : Cp→R+ be a non-negative
function, the so called threshold function and let Γ denote
the set of time-frequency indices, i.e. γ = ( j,k) ∈ Γ for
j = 0, . . . ,J− 1,k = 0, . . .K − 1. Then, for z ∈ Cp the
generalized thresholding operator is defined component-
wise by

Sξ (zγ) := zγ(1−ξλ ,γ(z))
+

and we write Sξ (z) := (Sξ (zγ))γ∈Γ.

Example 2.3. For ξλ ,γ(z) = ξ L(zγ) := λ

|zγ | , we recover
the usual soft-threshold operator (Lasso) from above.
For ξ = (ξ L)2, we obtain the well-known James-Stein
shrinkage estimator [18]. Setting ξ = limk→∞(ξ L)k, the
hard thresholding operator is approached, defined by
Sλ (z) = z if |z|> λ and 0 if |z| ≤ λ .

The neighborhood-systems introduced in [10] under the
name Windowed Group Lasso can be written in terms of
generalized thresholding by setting ξ = ξ L ◦η , where η

is a neighborhood smoothing functional. It can be de-
fined by

η(cγ) :=
(

∑
γ ′∈Γ

vγ(γ ′)|cγ ′ |2
)1/2

where v are appropriately chosen non-negative time-
frequency neighborhood weights, that is e.g.

‖vγ‖1 = 1, ∑
µ

vµ(γ)≤ C̃ < ∞, and vγ(γ) > 0 ∀γ ∈ Γ.

The first condition ensures that the overall extension of
the neighborhood does not interfere with the sparsity of
the solution; the second guarantees well-definedness of
η and without the third, the intuition of a neighborhood
would not make sense. In this kind of persistent thresh-
olding ξ = ξ L ◦η , the coefficients undergo shrinkage ac-
cording to the energy of a time-frequency neighborhood
which can be modeled flexibly, e.g. by using weighting
and overlap.

Example 2.4. For the neighborhood consisting of the
singleton, WGL coincides with the regular Lasso. With
disjoint neighborhoods we obtain the well known Group-
Lasso [19] as a special case of the WGL. Furthermore,
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block-thresholding estimators as introduced in [20] can
be expressed in this framework by using disjoint neigh-
borhoods and appropriately chosen threshold functions.

3. NUMERICAL SIMULATIONS
The generalized shrinkage operators were implemented
in MATLAB with the following parameterization of the
neighborhoods: For each time-frequency-index γ =
(k, j) (k denoting time- and j frequency-index) and a
neighborhood size vector σ = (σ1, . . . ,σ4), the neigh-
borhood Nσ is defined as the set of indices N(γ) =
Nσ (k, j) = {(k′, j′) : k′ ∈ {k − σ4,k + σ2}, j′ ∈ { j −
σ3, j + σ1}}. That is, the vector σ refers to the ad-
ditional extension of the neighborhood in the orienta-
tion σ =(north, east, south, west) from the center co-
efficient. For instance, the size vector σ = (1,1,1,1)
therewith refers to the rectangular neighborhood con-
taining 9 coefficients. Neighborhoods of indices close
to a border of the time-frequency plane are obtained
by mirroring the index set at the respective border.
In terms of the neighborhood-weights v, rectangular
and triangular weighting was implemented. Figure 1
sketches different possible neighborhoods in the time-
frequency plane. The corresponding toolbox and the
audio files used in the evaluation, as well as further
audio-visual examples, are available at the webpage
homepage.univie.ac.at/monika.doerfler/StrucAudio.html

For all the following simulations we employed a tight
Gabor frame with Hann-window of 1024 samples length
with hop-size 256 at 44100 Hz audio sampling rate. In
this paper we only consider the case of Gaussian white
noise at base noise levels of 0, 10 and 20 dB SNR2. The
denoising-performance of the different operators is mea-
sured via the SNR of the denoised estimation and the
original, clean signal.

3.1. Convergence
The proposed extended class of shrinkage operators are
in general not associated to a simple convex penalty func-
tional any more. For the case of the Windowed Group
Lasso a minimization functional can be derived3, which

2The signal to noise ratio of signals s, s̃ ∈ CL is defined by

10log10

(
∑

L
n=1 |s(n)|2

∑
L
n=1 |s(n)− s̃(n)|2

)
.

3The functional is related, but more general than the one proposed
in [21] as it also encompasses the general frame case. Details will be
addressed in a forthcoming contribution.

Fig. 1: Sketch of different shapes of the parameteriza-
tion of the neighborhoods in a schematic time-frequency
plane. Rectangular and triangular (“tent”-like) windows
were implemented.

allows to use WGL in the FISTA-framework. For the
other operators, as e.g. the James-Stein shrinkage esti-
mator ξ = (ξ L)2 and its neighborhood-smoothed coun-
terpart, the squared WGL ξ = (ξWGL)2, it is neither clear
whether their respective ISTA-sequences converge, nor
how a possible limit point should be interpreted. Thus,
we will use the two latter operators as non-iterated time-
frequency thresholding operators.

As an example of the convergence processes Figure 2
depicts the evolution of the SNR of the sparse approxi-
mation and the clean signal as a function of the number
of iteration steps for the Lasso and the Windowed Group
Lasso. It is obvious that the FISTA-agorithm acceler-
ates the convergence significantly. Figure 3 further sheds
some light on the relation of approximation precision,
sparsity level and required number of iteration steps. The
figure shows the number of steps required to obtain SNR-
tolerances of 0.5, 0.05, and 0.005 dB w.r.t. to the SNR of
the 100th iteration. Note that in this example (and also
all others we have encountered so far) only less than 20
iterations are required to reach a SNR-tolerance of 0.05
dB. Furthermore, the WGL seems to regularize the con-
vergence process as it requires much less iterations to
reach its stationary point. In the following simulations,
we hence used FISTA with (at least) 20 iteration steps.

3.2. Selection of Neighborhoods
We briefly address the issue of optimal neighborhood
support and weights. Departing from the intuition that
this task depends on local signal characteristics, the fol-
lowing gives some numerical illustrations of this basic
intuition concerning the four aspects of orientation, ex-
tension, symmetry and decay.
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Fig. 2: Example of the evolution of SNR as a function
of the number of iterations for the (F)ISTA using Lasso
and WGL [σ = (0,4,0,4)] operators for a piano sample
at 20 dB SNR and sparsity level λ = 0.429.
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Fig. 3: Number of required iterations of FISTA us-
ing Lasso and WGL [σ = (0,4,0,4)] to reach an SNR-
tolerance of 0.5, 0.05, 0.005 dB w.r.t. to the SNR of the
100th iteration as a reference. The test signal is the piano
sample described in section 3.2 at noise level 10dB.

Strings Piano Percussion
Horizontal 20.2 19.3 20.8
Vertical 18.1 17.3 21.3
Rectangular 19.1 18.5 21.5

Table 1: Comparison of the neighborhood’s orienta-
tion w.r.t. to signal characteristics. The maximal SNRs
of WGL with vertical σ = (4,0,4,0), horizontal σ =
(0,4,0,4) and rectangular σ = (1,1,1,1) neighborhoods
are averaged over noise levels of 0, 10, and 20 dB SNR.

To evaluate the operators with respect to varying signal
characteristics we chose a set of three mutually contrast-
ing signals. The first contains a rather sustained excerpt
of a string quartet, the second a latin-style piano pattern
and the third a percussive conga groove, each of 2300
ms length. The samples do not contain reverb or audible
room influences and are taken from a sample library of a
commercially available audio-software. Gaussian white
noise was added to obtain “base” noise levels of 0, 10 and
20 dB SNR for each signal. The quantitative results pre-
sented in the following are always averaged over these
three noise levels.

It is quite intuitive that the denoising performance should
be optimal if the orientation of the neighborhoods in time
and frequency fits to the dominating persistence proper-
ties of the signal. For instance, the strings-signal con-
tains temporally persistent and spectrally sparse orien-
tation, hence a horizontally oriented neighborhood as
σ = (0,4,0,4) seem to be suited. The contrary of course
should hold for the percussion-signal where vertically
oriented neighborhoods should perform best. Table 1
presents numerical evaluations concerning three differ-
ent neighborhood-orientations and the three musical test
signals. It shows the respective maximal SNR (over
the range of relevant sparsity levels) averaged over all
three different noise levels. While the vertically oriented
neighborhood performs best for the sustained string sig-
nal, the vertical neighborhood works better for the per-
cussive signal. Contrary to a first intuition, the rectan-
gular neighborhood σ = (1,1,1,1) performs best for the
percussive signal, while being sub-optimal for the piano
signal which should have both, persistence in time and
frequency.

Secondly, we disregard orientation and only focus on the
extension of the neighborhoods for horizontally oriented
ones. Again, depending on signal characteristics there
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Strings Piano Percussion
Short 20.2 19.3 20.8
Medium 20.5 19.5 20.4
Long 20.6 19.4 20.5

Table 2: Comparison of the neighborhood’s extension
w.r.t. to signal characteristics. The maximal SNRs of
WGL with short σ = (0,4,0,4), medium σ = (0,8,0,8)
and long σ = (0,12,0,12) neighborhoods are averaged
over noise levels of 0, 10, and 20 dB SNR.

Strings Piano Percussion
Symmetric 20.2 19.3 20.8
1/3-Centered 20.1 19.3 20.9
Asymmetric 19.9 19.0 20.4

Table 3: Comparison of different neighborhood-
symmetries w.r.t. to signal characteristics. The maxi-
mal SNRs of WGL with symmetric σ = (4,0,4,0), 1/3-
centered σ = (0,2,0,6) and asymmetric σ = (0,0,0,8)
neighborhoods are averaged over noise levels of 0, 10,
and 20 dB SNR.

are optimal neighborhood lengths. Table 2 shows the
corresponding numerical results. The longest neighbor-
hood with σ = (0,12,0,12) works best for the strings
excerpt which features the most temporally persistent
structures. Similarly, medium σ = (0,8,0,8) and short
σ = (0,4,0,4) extensions optimize the SNR measure for
piano and percussion phrases.

The symmetry of the energy distribution of most audio
signals varies with the instruments being played and their
respective modes of excitation. It was noted in [12] that
non-symmetric neighborhoods can be beneficial, espe-
cially for avoiding pre-echo artifacts in tasks like estima-
tion of a tonal signal layer. Table 3 shows the signal-
dependent denoising results of the WGL operator using
symmetric σ = (4,0,4,0), 1/3-centered σ = (0,2,0,6)
and asymmetric σ = (0,0,0,8) neighborhoods. The
SNR differences are very subtle but nonetheless point in
an interesting direction. While the asymmetric neigh-
borhood is suboptimal for all three signals, the sym-
metric one is best for the strings (which play rather
sustained notes of continuous excitation) and the 1/3-
centered neighborhood performs best for the percussive
signal (with fast decay after all excitations).

A last remark concerns the decay of the neighborhood
weights. It seems intuitive that rectangular weighting
is sub-obtimal, since it does not account for continu-
ously varying interdependence of two points in the time-
frequency plane (meaning the further away, the less im-
portant). However, it is hard to evaluate this aspect, since
for instance switching from rectangular to linear weight-
ing (as implemented in the toolbox) will have similar im-
pact as just changing the neighborhood’s length. In the
numerical experiments directed so far, weights of linear
decay have not improved performance significantly.

In conclusion, this numerical case study confirms the
intuition that neighborhood selection should ideally be
adapted to the signal. While the performance differ-
ences for the parameter of symmetry as measured in SNR
seems of minor relevance (which does not imply that the
same holds in terms of perception), adjusting the over-
all shape of the neighborhood seems to have the greatest
impact.

3.3. Comparison with Other Algorithms
In 2008, Yu, Mallat and Bacry proposed a non-diagonal
denoising procedure based on time-frequency block
thresholding [13]. By minimizing the corresponding
Stein estimation of the risk, the algorithm automatically
adapts blocks of time-frequency coefficients on which
James-Stein-shrinkage is applied. The authors show that
the method outperforms other state of the art algorithms
in terms of signal difference measured in SNR and per-
ceptual evaluation with respect to a representative group
of subjects. We employ this algorithm with the same
Gabor-transform settings as above and use it as a refer-
ence to the state of the art.

Using the generalized thresholding framework, we fur-
ther evaluate the simple but ubiquitously used Lasso es-
timate with threshold function ξ = ξ L and its quadratic
counterpart ξ = (ξ L)2 corresponding to the James-Stein-
shrinkage operator. In terms of neighborhoods of the
WGL, we choose non-symmetric ones to avoid pre-
echos and evaluate the 1/3-centered horizontal support
σ = σh = (0,2,0,6), as well as the rather vertically ori-
ented σ = σr = (2,0,2,1). For both neighborhoods rect-
angular weighting is used. To further enhance SNR-
performance, we also consider their respective non-
iterated squared (James-Stein) counterparts. The pool of
test signals was complemented by a male and a female
voice (2300ms length) and a 6 seconds Jazz-quintett
sample containing drums, double-bass, piano, saxophone

AES 45TH INTERNATIONAL CONFERENCE, Helsinki, Finland, 2012 March 1–4
Page 6 of 9



Siedenburg AND Dörfler Denoising by Generalized Thresholding

strings piano perc. male female jazz
16

17

18

19

20

21

22

23

24

Signals

S
N

R

 

 
L
JS
BT
WGL−0206
WGL−2021
WGL−JS−0206
WGL−JS−2021

Fig. 4: Comparison of the maximal SNR (w.r.t. clean
signal), averaged over noise levels 0, 10, 20 dB for 6
different signals. The evaluated operators are the Lasso
(L), the James-Stein-shrinkage (JS), the block threshold-
ing algorithm (BT), WGL with σ = (0,2,0,6), WGL
with σ = (2,0,2,1), and the James-Stein-WGL (WGL-
JS) with σ = (0,2,0,6) and σ = (2,0,2,1).

and trumpet. All test signals were corrupted with Gaus-
sian white noise at levels of 0, 10 and 20 dB.

Figure 4 shows the maximal (over all sparsity levels)
SNR-performance of the 7 different operators, averaged
over the three noise levels. Obviously, the plain Lasso is
constantly worst. WGL-0206 and WGL-2021 improve
the estimation, where depending on the signal type one
is better than the other. For rather percussive signals as
the conga-percussion part and the speech signals, the ver-
tically oriented WGL is better, for the rather tonal sig-
nals, the horizontally oriented WGL improves perfor-
mance of at least 1 dB. Most interestingly, Yu, Mallat,
and Bacry’s block thresholding algorithm works best for
the percussive signals, i.e. the conga and speech sig-
nals, while the non-iterated James-Stein-WGL outper-
forms block thresholding for predominantly tonal sig-
nals.

Finally note that the non-iterated WGL(-JS) is much
more computationally efficient than block thresholding,
where for each signal the (rather sophisticated) optimal
choice of partitions must be calculated. For the presented
neighborhood smoothed operators, the computation of
the values of the smoothing-functional η can moreover
be efficiently implemented via fast convolution.

4. PERCEPTUAL ASPECTS
The signal to noise ratio measures global energy differ-
ence, which generally does not coincide with perceptual
distance.4 Therefore, this section briefly addresses the
perceptual qualities of the proposed algorithms. As it
was out of scope of this work to conduct representative
listening tests, we confine ourself to a brief subjective de-
scription of the algorithms qualities5 and a quantitative
evaluation using a standardized audio-quality measure.

4.1. Audible Differences and Artifacts
Although in terms of SNR very distinct, the difference
between the WGL and WGL-JS operators was inaudi-
ble for the authors (under the usage of appropriate au-
dio equipment). Hence, the latter seems preferable for
the denoising-task as it produces higher SNR without it-
eration. In terms of neighborhood shape, the vertically
oriented WGL(-JS) with σ = (2,0,2,1) tends to pro-
duce “underwater-feeling”- like residuals at high noise
levels because of its short time-persistence. As could
be expected, it further tends to emphasize vertical time-
frequency components, as e.g. the snare clicks in the
jazz-quintet sample, and reduces some temporal smear-
ing which becomes audible in the horizontal WGL and
block thresholding as subtle “ghost-like” artifacts, in
particular in speech. All three alternatives successfully
avoid musical noise as well as pre-echo, WGL due to
non-symmetric neighborhoods and block thresholding
due to signal dependent block-adaptation.

A point supporting block thresholding is that its low-pass
filter impact is not as strong as for the WGL-versions we
tested, although the difference is of minor magnitude.
A more serious artifact is that block-thresholding tends
to produce a subtle but annoying background-texture of
clicks. This phenomenon is audible at higher noise lev-
els when sparser approximations are required (i.e. higher
thresholds) such that no high frequency components can
mask this texture. The artifact is probably due to the dis-
joint partition of the time-frequency plane into blocks
and the corresponding rapid amplitude modulations in
the time-frequency plane. The overlapping neighbor-
hood systems of the WGL avoid this artifact.

4The SNR favors non-sparse solutions containing noise residuals
of low energy (which are clearly audible, though) such that the high
energy signal components, emphasized by the underlying `2-norm, are
not shrunk too much.

5A selection of these test signals and the denoised results can be
found at the above mentioned webpage.
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4.2. PEAQ-Scoring
In order to collect some quantitative data on the audio
quality, we measured the distance of the estimation and
the clean signal by means of ITU-R recommendation
BS. 1387 perceptual evaluation of audio quality (PEAQ)
[22], as implemented in [23]. The PEAQ measure at-
tempts to model perceived audio quality differences by
combining a number of psycho-acoustic features, based
on a filter bank ear model. A so called objective differ-
ence grade is computed via a neural network featuring a
quality scale from -4 (very annoying) to 0 (impercepti-
ble).

Figure 5 shows the resulting PEAQ-evaluation, presented
in the same form as the previous SNR evaluations.
Again, the maximal PEAQ-values over all (this time pre-
selected) sparsity values are respectively averaged over
the three different noise levels per signal. The results
clearly favor the WGL-approach, in particular the ver-
tical WGL-JS. Only for the female voice and the jazz-
quintet sample, the advantage over the block threshold-
ing algorithm becomes smaller.

The PEAQ-standard may not be accepted uncritically, cp.
[23]. The assessment that the vertically oriented WGL-
JS averagely “sounds best” for all different test signals
is not at all confirmed by the authors’ subjective judge-
ments, for instance. Nonetheless, the main direction of
perceptually favoring the neighborhood-smoothed WGL
over block-thresholding seems plausible, mainly because
of the severe click-artifacts of the latter, see Section 4.1
above.

5. CONCLUSION
This paper considered the denoising problem from the
perspective of sparse atomic representation. A gen-
eral framework of time-frequency soft-thresholding was
proposed which encompasses and connects well-known
shrinkage operators as special cases. In particular, it
was demonstrated how neighborhood-persistent thresh-
old operators can be efficiently approximated and how
a signal adaptive choice of parameters can improve esti-
mation and denoising quality. With respect to the denois-
ing task it was shown that simple non-iterated operators
derived from the generalized thresholding scheme per-
form competitively compared to cutting edge methods,
as evaluated in SNR. In terms of perceived audio quality
informal description as well as standardized audio qual-
ity evaluation methods showed clear preferences for this
novel method of time-frequency thresholding.

strings piano perc. male female jazz
−3.8

−3.6

−3.4

−3.2

−3

−2.8

−2.6

−2.4

−2.2

−2

−1.8

Signals

P
E

A
Q

 

 
WGL−0206
WGL−JS−0206
WGL−JS−2021
BT

Fig. 5: Comparison of the maximal PEAQ-scores of de-
noised and clean signal, averaged over noise levels 0, 10,
20 dB for 6 different signals. The operators are WGL
with σ = (0,2,0,6), James-Stein-WGL (WGL-JS) with
σ = (0,2,0,6) and σ = (2,0,2,1) and block threshold-
ing (BT).

The presented `1-framework is a special case of the
mixed norm setting, which was already used for mod-
eling inter-channel dependencies in multi-channel audio
[10]. By enhancing the mixed norm setting with the
insights gained in this paper, further improvements of
multi-channel denoising algorithms can be expected.

In this paper, the issue of adapting the underlying time-
frequency transform stayed untouched. In fact, us-
ing persistent thresholding in combination with non-
stationary or multi-frame expansions seems to bear great
potential for structured denoising. Such modified ap-
proaches, as well as more comprehensive comparisons
with other denoising methods (as used in speech en-
hancement) will be addressed in future work.

Finally, it is important to note that the presented tech-
niques can equally well be used in other applications of
sparse representations such as audio coding, atomic and
molecular modeling and source separation.
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